Abstract. A general model capable of simulating the vortex-induced vibration of a flexible curved cylinder is presented. The 3-D motion of the cylinder is modeled using a curved Euler-
INTRODUCTION
In offshore engineering applications, slender structures such as risers, cables and pipelines are widely used. These types of structures usually have very large aspect ratio (L/D) and have to be considered as flexible. When exposed to marine currents, these slender structures undergo vortex-induced vibrations (VIV) due to the space-time varying hydrodynamics associated with vortex shedding. The prediction of VIV is one of the key issues in the analysis and design of offshore slender structures because these vibrations result in significant fatigue damage.
Although VIV of a short rigid cylinder has been well documented in many reviews [1, 2, 3] , the features of VIV of long slender structures have not been fully understood. A review of the recent studies on the VIV of long slender cylinders can be found in [4] .
In the prediction of VIV of a short rigid cylinder, nonlinear wake oscillator models have been widely used in recent years and gained popularity due to the low computational effort and acceptable accuracy. In [5] , a classical van der Pol oscillator is used to model the near wake dynamics and the effects of several types of linear coupling terms (displacement, velocity and acceleration) modelling the fluid-structure interaction are investigated. It was found in [5] that the acceleration coupling is most appropriate for the modelling of most of the features of VIV. This van der Pol oscillator model was further improved by properly including the effect of stall term dropping the assumption of a small angle of attack [6] .
Several papers can be found in the literature, which employ the wake oscillator models for the prediction of VIV of straight flexible cylinders exposed to a normal cross flow. In contrast, the VIV of curved cylinders has not been widely addressed. In all known to the authors works on this matter, strong simplifications have been made regarding either the flow direction [7, 8] or the motion of the cylinder [9] .
The main novelty of this paper lies in the improved model of the cylinder-wake interaction, which includes the geometric nonlinearity of the structure and a projection of the initially inclined to the cylinder axis flow direction.
MODEL DISCRIPTION

Nonlinear structural model
In theoretical studies of VIV of slender cylinders, the latter are usually modelled by straight tensioned beams or cables whose equations of motion (excluding the hydrodynamic forces) are assumed to be linear. However, in practical applications many slender structures, such as catenary risers, pipelines during the laying process and mooring cables have a curved shape. So a general Euler-Bernoulli beam model valid for both curved and straight cylindrical structures is used here. It accounts for bending, extensibility and geometrical nonlinearity. The description of the beam position is based on the differential geometry of 3D curves [10] where the arbitrary point on the beam axis can be described by a position vector r:
where s is the Eulerian coordinate measured along the stretched beam and t is the time. Let us introduce the tangential unit vector t=∂r/∂s, the principle normal unit vector n and the binormal unit vector b, such that b=t×n, n=b×t and t=n×b. 
where δW E denotes the virtual work of the external forces, δW S is the virtual work done by the internal forces and δW I is the virtual work of the inertial forces. The elastic internal forces are split into two parts, namely a part due to bending based on the curvature of the deformed beam, and a part due to axial strain. The virtual work done by the axial force is given as
while the virtual work due to bending reads   
where EI is the bending stiffness, EA is the axial stiffness and l is the length of the beam in deformed configuration. Then the total virtual work of internal forces can be written as 
For the virtual work of the inertial forces, the rotational inertia is ignored and only the inertia due to the linear acceleration is considered. Thus , in which ρ denotes the density of the fluid, D is the outer diameter of the cylinder and C a is the added mass coefficient which is assumed to be equal to one in this paper.
As the formulas presented above are derived in the frame of the Eulerian description, they need to be transformed to the Lagrangian description where the original length of the beam L is already known. The relations used for the transformation are , , , and ds dp
r r r r r r r r r r r r 
Applying these relations to Eq. (4) and (5), we obtain
EA dp
and 
where , ,
.
A two nodes beam element, the same as the one described in [11] , is used in this paper. The vector of nodal coordinates of the element consists of 12 degrees of freedom
where L 0 is the length of the beam element. Based on that, the global position vector of an arbitrary point, originally placed at p of the undeformed beam axis, in the deformed configuration can be interpolated in terms of the nodal coordinates and the element shape function as
A cubic polynomial shape function is employed to describe each components of the position vector. Thus, the global shape function S can be written as 
Wake oscillator model
In this study, a van der Pol wake oscillator model proposed in [6] is used to compute the hydrodynamic forces due to vortex shedding. In order to introduce the model, let us consider a case where cylinder is rigid and flow is perpendicular to its axis. By assuming that the flow around the cylinder is two-dimensional (uniform along the cylinder axis), the interaction between the cylinder and the flow can be simplified as shown in Fig. 1 . The total vortex force acting on per unit length of the cylinder is decomposed into a drag part F VD and a lift part F VL , where the drag and the lift are defined as, respectively, being in-line with and perpendicular to U, the latter being the total flow velocity relative to the moving cylinder. 
where C L is the lift coefficient measured for a stationary cylinder. Furthermore, the inertial coupling is assumed between the wake oscillator and the structure:
where ω s is the Strouhal frequency, whereas A and ε are tuning parameters. The drag force
where C D is the drag coefficient measured for a stationary cylinder. The force acting on the cylinder in the Y (vertical) direction due to the vortex shedding is given as
In order to gain insight into the conditions under which the VIV may occur, let us assume that the cylinder is forced to vibrate in the cross-flow direction harmonically with an amplitude y and a frequency c  : 
According to the harmonic balance method and accounting for the contribution of the fundamental frequency only, the solution to Eq. 
It is the sign of C yv in Eq. (23) that implies whether the flow provides the cylinder with the energy or extracts it from the moving cylinder. If C yv is positive, the flow increases the energy of the cylinder while otherwise the energy of the vibration of the cylinder will be reduced due to interaction with the flow. As can be seen from Eqs. As can be seen from Fig 2, the power-in range can depends significantly on the tuning parameters. In Fig 2a, the power-in region is located approximately between reduced velocity 5 and 7, and the maximum amplitude in this range is about 1D. In Fig 2b, due to the small pa-rameter A, the power-in range is extremely narrow and is localized around the reduced velocity of 6. The maximum amplitude in the power-in range in the latter case is less than 0.5D.
2.3
Coupled system As mentioned before the wake oscillator model described above has been developed for rigid cylinders subject to the normal cross flow. However, for the VIV of long flexible cylinder, the attack angle and relative to the flow velocity of the cylinder depend on the position along the cylinder. In this paper, by assuming that the Independence Principle is valid and the vortex shedding is correlated within certain length of the cylinder, the wake oscillators are attached to the nodes of beam elements where local frames are used so the wake oscillator described before is applicable.
Using the local frame described by the tangent, principal normal and binormal unit vectors, the 2-D vortex shedding process is assumed to happen in the plane (i.e., b-n plane) that is perpendicular to the orientation of the beam, see Fig 3. The absolute normal flow velocity and the relative normal flow velocity are given by
where V is the flow velocity in the earth-bound reference frame, U is the relative flow velocity and t s is the unit tangent vector measured under the initial static configuration due to the mean in-line forces. The lift and drag forces are defined as
where D L is the direction of the lift force:
The coupling term in the wake oscillator equation is also changed accordingly:
where
One of the major drawbacks of the approach adopted in this paper is that the Independence Principle is not applicable for large angles between the flow and the cylinder axis. Experiments showed that there is a critical angle above which the relatively wide plateau of the large amplitude oscillations observed in the case of small attack angles disappears and, instead, large-amplitude oscillations occur in a very narrow range of normalized reduced velocities [12] . This means that the parameters of the wake oscillator model should be dependent on the local inclination of the cylinder. For convenience, in this paper only two sets of tuning parameters are used. One set corresponds to the inclination smaller than the critical angle, and the other one is used when inclination is bigger than the critical angle.
COMPARISON WITH EXPERIMENTAL RESULTS
In this section, results of a case study are presented and compared with those of a largescale field test. The objective is to check if experimentally observed results can be reproduced by the model introduced in the previous sections.
A series of field tests were conducted by MIT and the Deepstar Consortium in and near the Gulf Stream in 2004 and 2006. The specific test selected for comparison in this paper is described in [13] . In the tests, a fiber glass composite pipe of 152.4 meters long and 3.63 cm in outer diameter was towed in Gulf Stream with a railroad wheel attached to the tip of the pipe to provide tension. A diagram of the test configuration is shown in Fig. 4 . The properties of the pipe are summarized in Table 1 . When towed in water, due to the tension applied at the tip and the drag forces acting on the pipe, it will assume a curved shape. This shape defines the angle of attack at various positions along the pipe. In [13] , no information about the pipe shape is given. Only the distribution of the normal velocity of the current relative to the deformed shape is given. In order to get the shape of the pipe, static analysis of the pipe under uniform current is carried out. The drag coefficients were iterated until the calculated and the given in [13] normal current profiles matched each other. Since the wake oscillator model underestimates the amplification of drag forces due to VIV, extra in-line forces were applied during dynamic analysis to maintain the shape. In view of many uncertainties involved in the experiment, the focus of this paper is placed on the qualitative reproduction of the test results. According to [14, 15] , the power-in region is set to belong in the reduced velocity interval from 5 to 7, and the critical angle of inclination is set to 45 degrees. The adopted parameters of the wake oscillator model are given in Table 2 . Fig 5 shows the time evolution of the cable response as resulted from both the test and the simulation. The time period from 20 to 30 seconds of the simulation is chosen. Similar to the test, a strong presence of traveling waves along the cable is observed. The dominant waves are generated from the power-in region at the bottom of the cable and then propagate upwards. There are also differences between the simulation results and test data. The most obvious one is that the simulation also predicts waves with lower frequency generated at the top of the cable which then propagate downwards. Intermittent standing waves are observed in the region where the waves travelling upwards and downwards interact. Another difference is that in experiments standing waves are observed at the bottom of the cable due to the reflective boundary condition at the tip. The simulations do not show such a phenomenon. The first difference may be attributed to additional factors that could influence the test results. For example, the VIV generated at the top of the cable might be significantly suppressed by the waves or the motions of the boat. In order to find a reason for the absence of the standing waves near the tip in the simulations and to understand whether the response of the cable is dependent on the initial conditions, several simulations are conducted with varying initial conditions. Fig . 6 shows results of three simulations with different initial conditions. It can be seen that initial conditions do not have apparent influence on pattern of the cross-flow response. For all three cases, the dominant waves are generated at the tip of the pipe and propagate upwards. It is also noticeable that, in the beginnings of all three simulations, standing waves occur near the tip. However, these standing waves seem to be unstable and are replaced by travelling waves within a few seconds. Fig. 7 gives a zoom in on the time evolution of the fluctuating lift force (in terms of the wake variable q) acting on lower half of the cable. Results of the same simulation are presented as used for plotting Fig. 6b. Fig. 7 shows that the excitation force is also in the form of a travelling wave which is expectable. However, the evolution of the pattern of the lift force in time is quite interesting. First, a standing wave seems to be present, which is later transferred into a travelling wave. An additional investigation is needed in order to conclude whether such an evolution is generic or it occurs only for specific combinations of the system parameters. 
Parameters
CONCLUSIONS
A model capable of simulating the vortex-induced vibrations of a curved flexible cylinder has been developed. The cylinder model is based on the Euler-Bernoulli beam theory and accounts for bending, extensibility and geometrical nonlinearity. The spatial configuration of the cylinder is described by a position vector, and the 3D motion of the cylinder is solved for using the finite element method. Wake oscillators are attached to the nodes of the structural model to mimic the fluctuating lift and drag forces due to the hydrodynamic interaction of the cylinder with the flow.
A comparison with results of a large-scale test has shown that the developed model can predict main features of the VIV of a long curved cable. The presence of travelling wave that has been observed in the test has been successfully reproduced and the power-in region has been located correctly. However, the model failed to capture the standing waves observed near the tip of the cable in the test. The standing waves generated near the tip at the beginning of simulations seem to be unstable and are gradually replaced by travelling waves within a few seconds. Simulations have also shown that the initial conditions do not have perceptible influence on the steady-state response of the cable.
